We show that the recombination of Cooper pairs in semiconductors can be used as a natural source of polarization-entangled photons, making use of the inherent angular momentum entanglement in the superconducting state. Our proposal is not based on opposite spin population of discrete energy levels and thus does not require isolated emitters such as single atoms or quantum dots. We observe that in bulk materials, the photon entanglement would be degraded due to the variety of decay channels available in the presence of light-hole (LH)-heavy-hole (HH) degeneracy. However, we show that the lifting of this degeneracy by use of a semiconductor quantum well should lead to faithful conversion of the Cooper-pair entanglement into photon entanglement. The second-order decay of two-electron states in Cooper-pair luminescence leaves no which-path information, resulting in perfect coherence between two pathways and hence, in principle, perfect entanglement. We calculate the purity of the entangled-photon state and find that it increases for larger LH-HH energy splitting and for lower temperatures. Moreover, the superconducting macroscopic coherence offers an enhancement to the emission rate, making this a promising scheme for efficient generation of entangled photons in simple electrically driven structures.
I. INTRODUCTION
Entanglement is among the most intriguing aspects of quantum mechanics, contradicting the local realism of classical physics via the violation of Bell inequalities [1, 2] . Moreover, various applications in the growing field of quantum information science, such as quantum cryptography [3] , computing [4] , and metrology [5] , require efficient sources of entangled photon pairs. The most widely used current technique of generating photon pairs-parametric downconversion [2, 6] -is limited by the weakness of the nonresonant χ (2) nonlinearity [7] and requires phase matching and optical excitation, which prevent its integration into compact photonic circuits. A recently observed process of semiconductor twophoton emission [8, 9] enables compact electrically pumped photon-pair sources with nanophotonic enhancement [10] ; however, the efficiency of such sources is relatively low due to the nonresonant second-order transition. Cascaded emission from biexcitons in semiconductor quantum dots (QD) allows generation of entanglement in miniature devices, where each discrete QD energy level can only be occupied by two fermions with opposite spins [11] . Anisotropic exchange splitting in QDs, however, leaves which-path information and thus significantly complicates entanglement generation [12] . Hybrid devices based on semiconductor-superconductor structures are a rapidly growing field [13] [14] [15] , including QDs and nanocrystals integrated into Josephson light-emitting diodes [16, 17] . These hybrid devices were proposed as enhanced QD entanglement sources [18] [19] [20] based on opposite-spin electrons at each discrete energy level. However, these isolated emitters have inherently low emission rates and require sophisticated fabrication methods, carrier injection, and light extraction techniques. More importantly, superconductivity is not required for the generation of entanglement in isolated emitters such as QDs, where discrete levels allow entanglement generation without superconductivity [11, 12] .
Two-dimensional and bulk semiconductor structures, at the core of the existing semiconductor optoelectronic infrastructure, are significantly simpler and more efficient, and they have been shown lately to result in enhanced electrically driven light emission when combined with superconductors [21] [22] [23] . In contrast to QD-based sources, however, the continuum of states in these structures allows population of infinitesimally close states by electrons with the same spin-preventing any polarization correlation between the emitted photons without superconductivity.
Here we show that Cooper-pair electron-spin entanglement provides a unique source of entangled photon pairs in hybrid superconductor-semiconductor quantum well (QW) structures, which cannot be realized without superconductivity. We show that Cooper-pair angular momentum entanglement can be translated into photon polarization entanglement by radiative recombination in a semiconductor structure. Our analysis shows that a bulk semiconductor-based emitter with spin-orbit coupled angular momentum states results in a mixed photon state (not a pure state and thus not maximally entangled) due to the contribution of both light-hole (LH) and heavy-hole (HH) bands. In a two-dimensional QW, on the other hand, pure entangled states are produced due to the lifting of LH-HH degeneracy and angular momentum selection rules. The recombination of a Cooper pair is a second-order transition [23] that leaves no which-path information in the final state, in contrast to a pair of single-particle first-order transitions. We explicitly calculate the density matrices of the emitted photonpair states. Small LH-HH splitting and high temperatures can introduce some mixing into the emitted states; nevertheless, for temperatures sufficiently low to maintain superconductivity and for typical QW dimensions, our calculations predict essentially pure entangled photon states. Furthermore, this approach takes advantage of the macroscopic coherence of the superconducting state for enhanced entanglement generation rates in a relatively simple electrically pumped structure.
II. GENERATION OF PHOTON ENTANGLEMENT BASED ON SUPERCONDUCTIVITY
In the presence of the proximity effect, whereby a superconducting state is induced in a semiconductor, the conduction electrons are not independent but rather form a many-body Bardeen-Cooper-Schrieffer (BCS) [24] state yielding macroscopic coherence and enhanced emission [21] . Furthermore, the second-order emission in a BCS state is a two-electron transition resulting in photon-pair emission, in contrast to the single-electron transitions in usual nonlinear optics [2, [6] [7] [8] [9] [10] . This two-electron second-order process in a coherent BCS state is what enables both pure entangled state generation and high emission rates in the hybrid semiconductor-superconductor QW structure.
We consider a superconducting proximity region induced in a direct band gap semiconductor [21, 25] , where the superconducting gap 2 is in the semiconductor conduction band (CB) with electrons in a BCS state, while the valence band is in the normal state of holes [ Fig. 1(a) ]. Near the Brillouin zone center, the CB electrons [26] have total spin-orbit coupled angular momentum J z = ±1/2. Electrons in Cooper pairs in an s-wave superconductor are in an angular momentum singlet state [24] , where the |↑ and |↓ denote electron states with J z = 1/2 and J z = −1/2, respectively. Recombination of such singlet states in a semiconductor with normal holes, however, does not necessarily result in the emission of entangled photon pairs. The two valence bands with significant populations of holes in typical direct band gap semiconductors-the LH band with J z = ±1/2 and the HH band with J z = ±3/2-are degenerate at zero crystal momentum. The selection rules for recombination of a HH and a CB electron allow transitions only with an angular momentum change of J z = ±1 [26] . For a singlet CB electron Cooper-pair state, such transitions should result in polarization-correlated photon pairs. However, the presence of the second energy-degenerate LH band with additional allowed transitions degrades polarization correlations [ Fig. 1(a) ].
In our proposed scheme, the superconducting state is induced in a semiconductor QW, where the LH-HH degeneracy is lifted [ Fig. 1(b) ]. The two-dimensional QW structures enable injection of a very large number of Cooper pairs, resulting in carrier densities comparable to bulk materials-in contrast to the isolated zero-dimensional QDs. The macroscopic coherence of the BCS state can enhance the emission rate even further [21] . The CB-HH recombination emission results in polarization-correlated photons; however, for polarization entanglement to result, there must also be no which-path information in the final state. In a naïve single-particle description of Cooper-pair recombination, the final state might appear to maintain information on the recombination paths of each electron-hole pair, where the angular momentum of each electron-hole pair appears to be translated to a welldefined photon polarization [ Fig. 1(b) ]. This picture, however, which describes Cooper-pair recombination as two separate first-order transitions, is incorrect because no single-electron states exist inside the superconducting gap at the Fermi level. An electron Cooper pair, therefore, must recombine with a pair of holes in one second-order transition via a virtual state [ Fig. 1(c) ]. We show that this second-order transition preserves only the total angular momentum, whereas the polarization of each individual photon is not defined. Thus polarizationcorrelated photons with undefined individual polarization can be entangled. The photons in the pair are tagged by their colors, ω ph q μ and ω ph q ν , selected by spectral filtering, and are emitted in the direction of growth of the QW.
In addition to the entangled-photon pair emission, onephoton emission will also occur in the proposed device at an energy given by the band gap E BG = (E CB − E HH ). The one-photon emission will not result in entangled-photon pairs; however, it can be easily separated from the entangled-photon pair emission using spectral filtering of ω ω ph q ν = E BG − δE, different from E BG by more than the thermal width kT, there is no corresponding one-photon emission, and thus the entangled photon state will not be affected. We calculate the emitted state explicitly for sufficiently large HH-LH splitting, yielding a pure polarization-entangled state.
III. THEORETICAL MODEL AND RESULTS
In contrast to previous calculations [23] , our model includes the entire spin-orbit coupled angular momentum J in the interaction and the polarization σ of the photons. Therefore, the light-matter coupling Hamiltonian in the interaction picture with = c = 1 is
where B k,q is the coupling energy, b † k,J and c † k,J are hole and electron creation operators with crystal momentum k and angular momentum J , and a † q,σ is the photon creation operator with linear momentum q and polarization σ . The initial state is given by |χ 0 = |0 |F S |BCS , where |0 represents the vacuum of the photon field, |F S denotes the Fermi sea of holes, and |BCS is the electron superconducting BCS state. The hole thermal distribution is accounted for by integration over the FermiDirac distribution. The second-order contribution to the final state is given by
. This interaction can be described by two-vertex Feynman diagrams [ Fig. 2(a) ]. The double-arrowed electron propagators describe the Green functions resulting from nonvanishing BCS| c †
|BCS terms in the superconducting state [27] . This Green function permits pair emission through a single connected second-order Feynman diagram, in contrast to the disconnected pair of first-order single-electron transitions. It is important to note that the initial electron state is not a single Cooper pair in a singlet state but rather a many-body BCS state. Therefore, the entangled photon state emitted from the second-order transition does not have to be in a singlet state. The colorspecific two-photon polarization state is fully described by the density matrix ρ(q μ ,q ν ), whose elements are given by the following expectation value in the final state [12] :
This calculation can be described by two kinds of Feynman diagrams [ Fig. 2(b) ], which can be used to obtain the qualitative structure of the density matrix conveniently; however, straight-forward integration enables the quantitative calculation of the amplitudes. The integrand in Eq. (3) can be split into the photon (I ph ), electron (I e ), and hole (I h ) terms:
The photon term is calculated to be
and the hole term is 
where f n k is the Fermi-Dirac population distribution. For the HH band only, and assuming that f n k and u k are slowly varying on the scale of q, the density matrix is
where
, and (q μ ↔ q ν ) indicates another eight terms similar to the first eight but with exchanged q μ and q ν . The basis for the two-photon density matrix is circular right-or left-handed polarization
The twophoton state is not only polarization correlated but is in fact a pure entangled state:
This entangled state is a result of the correlated photon polarization with no which-path information; however, the plus sign in Eq. (10) is different from the minus sign in the singlet state in Eq. (1). The reason for this difference is the effect of the many-body antisymmetrization in the BCS state. This calculation result is also validated by the Feynman diagram approach. Each diagram in Fig. 2(b) corresponds to one of the terms in the expression for the hole part of the calculation, I h [Eq. (6)], and the negative sign between the first and second terms results from the fermionic exchange of holes [ Fig. 2(b) , dashed lines]. In the density matrix [Eq. (9)], the nonvanishing diagonal elements are described by the first diagram in Fig. 2(b) and the off-diagonal elements by the second diagram. However, the sign of the off-diagonal elements in Eq. (9) is changed due to the minus sign in the Bogoliubov transformation [Eq. (7)] so that all four elements are positive. Conservation of angular momentum at each vertex of the diagrams then allows the determination of the photon polarization similar to the nonvanishing elements of the calculated density matrix [Eq. (9)]. In a bulk semiconductor, the LH band adds other nonvanishing elements to the density matrix thus resulting in a mixed state [ Fig. 3(a) ],
where ρ(q μ ,q ν ) LH is the contribution of the LH-CB transitions with nonvanishing elements corresponding to photons with identical circular polarization, and the coefficients α and β depend on the population of the bands according to Eq. (9). The dipole moments of CB-LH transitions in direct band gap (e.g., Zincblende) materials are different from those of CB-HH [26] ; therefore, even for a bulk semiconductor with LH-HH degeneracy, the emitted two-photon state is not completely mixed. However, in a QW with a much smaller population of the LH band the purity of the state [Eq. (11)] is enhanced [ Fig. 3(b) ].
IV. DISCUSSION
The purity of the generated entangled states, therefore, relies on the interplay between energy scales of the LH-HH splitting due to spin-orbit interaction (SOI), semiconductor band gap, injected carrier density, and the temperature. The largest energy scale in this scheme is the band gap between the conduction E CB and the valence E HH-LH bands, which determines the energy of the emitted photons. In typical AlGaAs structures, the band gap is larger than 1500 meV [28] and is therefore much larger than all other energy scales in the system. The SOI in GaAs-based materials is significant but much smaller than the band gap. In bulk GaAs, the split-off band is 340 meV below the top valence band [29] . The SOI energy E SOI is thus smaller than the band gap but larger than other energies in our system. The superconducting gap, , induced in semiconductors by typical low T c superconductors such as Nb is on the meV scale [30] 
The injected electron and hole densities determine the locations of the conduction and the valence band quasi Fermi levels relative to the band edges: E F n − E CB , E Fp − E HH , and E Fp − E LH . At practical injection levels in typical optoelectronic materials such as AlGaAs, this energy scale is around 10 meV and can be calculated with analytical approximations [31] . The populations of the LH and the HH bands depend on the E H = E HH − E LH energy splitting determined by the thickness of the QW reaching values of tens of meV [29] . For a fixed carrier injection level and a given LH-HH splitting, the hole populations of the HH and the LH bands depend on temperature according to the Fermi-Dirac distribution f p (E) [ Fig. 4(a) ]. High purity of the emitted entangled photons is obtained by reducing the LH contribution ρ(q μ ,q ν ) LH in Eq. (11), which can be obtained by lowering the temperature or by increasing the LH-HH splitting.
Typical LH-HH splitting in a QW can result in an entangled state with very high purity, whereas at smaller LH-HH splitting, E H , the holes partially populate both HH and LH bands. For lower temperature, T , the population of the LH band is smaller, and the CB-LH transition degrades the entangled state purity, given by T r[ρ(q μ ,q ν ) 2 ], less severely than at higher temperatures [ Fig. 4(c) ]. Nevertheless, even at higher temperatures, high purity of entanglement can be obtained by increasing the LH-HH separation [ Fig. 4(b) ]. In typical semiconductor QWs used in optoelectronics, the LH-HH separation of several tens of meV can be obtained for QW thickness smaller than 10 nm [29] . Therefore, mixing of the entangled states will be significant only close to room temperature. At temperatures below the superconducting transition of typical s-wave low-T c materials such as Nb [30] , the emitted photons thus should be in an essentially pure entangled state. The superconducting proximity effect has been demon- strated recently with high-T c materials [32] , enabling potential applications of this scheme at much higher temperatures in hybrid semiconductor high-T c devices as well [33] .
Another effect that could hinder the proper operation of the proposed device is strong disorder. Disorder-induced levels can lead to one-photon emission with energies above the band gap E BG by normal electron-hole recombination. They can also lead to one-photon emission with energies below E BG by recombination of a Cooper pair with a single hole, which results in a photon and an electron at a higher energy level. If the two-photon emission is selected at energies similar to those of the disorder-induced one-photon emission, the quality of the entanglement source can be affected. As the overall second-order Cooper-pair recombination rate has been shown to be comparable to the first-order normal recombination rate [21] [22] [23] , this effect of the disorder-induced one-photon emission on the source quality is limited.
However, to prevent even the small effect of disorderinduced emission and ensure perfect operation of the device, the energy difference of the photons in the pair must be larger than the energy broadening given by the disorder E D so that photon-pair emission can be spectrally filtered from disorder-induced one-photon emission. The energy broadening of the one-photon emission is limited by the level of the disorder in the system, whereas the desired energy difference between the photons in the entangled pair is limited by the separation between the LH and HH energies E H to ensure the generation of pure entangled states. It is important to note that even at energies where two-photon emission intensity is comparable to the disorder-induced one-photon emission intensity, the one-photon emission still does not pose an obstacle to exploiting the entangled photon pairs. Quantum information experiments using entangled photons are based on photon coincidences. The correlated two-photon emission, even at energies where it is comparable in intensity with the background one-photon emission, results in significantly higher photon coincidence rates than the random one-photon emission, making the effect of such background one-photon emission on quantum information experiments negligible.
Nevertheless, in order to demonstrate the spectral filtering of the two-photon emission quantitatively, we have calculated the intensity spectrum of the two-photon emission at zero temperature [Eq. (12) ]:
The calculated spectrum of the two-photon emission (Fig. 5 ) exhibits a power-law energy dependence of the intensity at energies above , compared to the significantly steeper drop in the spectrum of the parasitic one-photon emission from the typical Gaussian distribution of disorderinduced energy levels in epitaxial QWs [34] . In modern high quality AlGaAs QWs, the thickness variation can be controlled on a monolayer level, resulting in very narrow line widths of around E D ∼ 0. width also enables strongly coupled light-matter interaction in microcavities and was measured both spectrally [35] and with ultrafast pump-probe experiments [36] . For such levels of disorder, it can be seen that for photon energies detuned by more than from the transition energy, the two-photon intensity is higher than the disorder-induced onephoton emission intensity-by many orders of magnitude (Fig. 5) . Nonzero temperature adds broadening on the order of kT to the spectra; however, this broadening has little effect on the intensity difference, especially for temperatures sufficiently low to maintain superconductivity kT . Very high levels of disorder can also potentially hinder the induced superconductivity in the semiconductor. However, the typical disorder broadening of line shapes in high quality extended two-dimensional structures such as the QW in our scheme can be smaller than 0.5 meV [35, 36] , whereas the typical superconducting gaps in low-T c materials can be an order of magnitude larger than that. And in high-T c materials, the gap can be several orders of magnitude larger [32] . Therefore, for devices based on typical QWs, disorder-induced one-photon emission does not affect the operation of the proposed device, and for low quality structures, the disorder-induced broadening should be smaller than the superconducting gap for proper operation of the device.
V. CONCLUSIONS
In conclusion, we have shown that polarization-entangled photons can be generated by Cooper-pair luminescence in semiconductors without isolated emitters. Due to the lack of which-path information in the second-order transition and the lifted degeneracy of the valence bands in QWs, the emission results in pure-state polarization-entangled photons, with generation rates enhanced by the macroscopic coherence of the superconducting state. The proposed source of entangled photons can provide insights into the physics of superconductivity and light-matter interaction in solids, as well as enable practical applications in quantum technologies.
